We study the symmetries of generalized spacetimes and corresponding phase spaces defined by Jordan algebras of degree three. The generic Jordan family of formally real Jordan algebras of degree three describe extensions of the Minkowskian spacetimes by an extra "dilatonic" coordinate, whose rotation, Lorentz and conformal groups are SO(d − 1), SO(d − 1, 1) × SO(1, 1) and SO(d, 2) × SO(2, 1), respectively. The generalized spacetimes described by simple Jordan algebras of degree three correspond to extensions of Minkowskian spacetimes in the critical dimensions (d = 3, 4, 6, 10) by a dilatonic and extra (2, 4, 8, 16) commuting spinorial coordinates, respectively. Their rotation, Lorentz and conformal groups are those that occur in the first three rows of the Magic Square. The Freudenthal triple systems defined over these Jordan algebras describe conformally covariant phase spaces. Following hep-th/0008063, we give a unified geometric realization of the quasiconformal groups that act on their conformal phase spaces extended by an extra "cocycle" coordinate. For the generic Jordan family the quasiconformal groups are SO(d+2, 4), whose minimal unitary realizations are given. The minimal unitary representations of the quasiconformal groups F 4(4) , E 6(2) , E 7(−5) and E 8(−24) of the simple Jordan family were given in our earlier work hep-th/0409272.
Introduction
One can define generalized space-times coordinatized by Jordan algebras J, in such a way that their rotation, Lorentz, and conformal groups can be identified with the automorphism, reduced structure, and the linear fractional groups of of the corresponding Jordan algebras J, respectively [1, 2, 3, 4] . The main requirements for formulating relativistic quantum field theories over four dimensional Minkowski spacetime extend naturally to the generalized space times defined by formally real Jordan algebras. For example, the well-known connection between the positive energy unitary representations of the four dimensional conformal group SU(2, 2) and the covariant fields transforming in finite dimensional representations of the Lorentz group SL(2, C) [5, 6] extends to all generalized space-times defined by formally real Jordan algebras [7] .
Except for G 2 , F 4 and E 8 , certain noncompact real forms of all simple groups arise as conformal groups of formally real Jordan algebras. The corresponding real forms are precisely the ones that admit positive energy unitary representations. These conformal groups act geometrically on the corresponding Jordan algebras via fractional linear transformations [8] . In particular, the exceptional group E 7 acts as the conformal group of the exceptional Jordan algebra [1] . For the real exceptional Jordan algebra J O 3 over the division algebra of real octonions the conformal group is E 7(−25) , which admits positive energy unitary representations.
Motivated by possible applications to the U-duality groups of maximal supergravity and M-theory, the first geometric realization of E 8(8) was given in [9] . This geometric realization of E 8(8) on a 57 dimensional space was called quasiconformal since it leaves invariant a suitably defined light cone with respect to a quartic norm. This construction of E 8(8) together with the corresponding construction of E 8(−24) [10] contain all previous geometric realizations of the symmetries of generalized space-times based on exceptional Lie groups, and at the same time goes beyond the framework of Jordan algebras.
The algebraic structures related to the novel quasiconformal realizations are not Jordan algebras, but rather Freudenthal triple systems (FTS) [11, 12] . The 57 dimensional space on which E 8(8) or E 8 (−24) is realized is the direct sum of a 56 dimensional space of the underlying FTS and a singlet defined by the symplectic invariant over that FTS. The nonlinear realization of the Lie algebra of E 8(8) given in [9] was written in terms of the triple product of the FTS and hence extends to all simple Lie algebras since they all can be constructed over FTS's. This follows from the fact that simple Freudenthal triple systems are in one-to-one correspondence with simple Lie algebras with a five graded decomposition
such that grade ±2 space are one dimensional [13] . These include all simple Lie algebras, except for sl (2) for which it degenerates to a 3-graded structure.
The formally real Jordan algebras of degree three and their associated geometries arose naturally within the framework of N = 2 Maxwell-Einstein supergravity theories (MESGT) in five dimensions [14] . The geometries and symmetries of the corresponding four dimensional MESGT's are deeply connected to the FTS's defined over these Jordan algebras. The formally real Jordan algebras of degree three and the corresponding FTS's were also shown to be related to relativistic point particle and classical bosonic string actions by Sierra [15] .
In this paper we will study the quasiconformal groups associated with FTS's defined over formally real Jordan algebras 3 a la Freudenthal. Such FTS's were classified by Ferrar [16] who showed that FTS's defined over Jordan algebras require that the Jordan algebras be of degree three. The generic formally real Jordan algebras of degree three define spacetimes which can be interpreted as extensions of Minkowskian spacetimes by an extra dilatonic coordinate. Their Lorentz groups are of the form
and their conformal groups are
The spacetimes defined by four simple formally real Jordan algebras of degree three describe extensions of the critical Minkowskian spacetimes in d = 3, 4, 6, 10 dimensions by a dilatonic and 2, 4, 8, 16 spinorial coordinates, respectively. Rotation groups of these space-times are
Their Lorentz groups are
3 Formally real or Euclidean Jordan algebras J are such that a 2 + b 2 = 0 implies that both a = 0 and b = 0 for all a, b ∈ J.
respectively. Hence their rotation, Lorentz and conformal groups coincide with the first three rows of the Magic Square.
The quasiconformal groups associated with the spacetimes defined by the generic Jordan algebras of degree three are
while the quasiconformal groups associated with the spacetimes defined by simple Jordan algebras of degree are
The plan of the paper is as follows. We review U -duality groups arising in N = 2 Maxwell-Einstein supergravity theories (MESGT) defined by cubic forms in dimensions 5,4 and 3 in section 2. In section 3 we review generalized space-times defined by Jordan algebras as well as their symmetry groups. In section 4 we study the spacetimes defined by Jordan algebras of degree 3 as extensions of Minkowskian space-times with dilatonic and spinorial coordinates and their symmetries. We the review the realization of the quasiconformal groups via the Freudenthal triple product given in [9] . Then we present the explicit geometric realization of quasi-conformal group SO (d + 2, 4) of the generic Jordan family of spacetimes as well as an explicit geometric realization of E 8(−24) as the aforementioned extension of SO (12, 4) . Finally we give the minimal unitary realization of SO (d + 2, 4).
2 U-duality groups of N = 2 Maxwell-Einstein supergravity theories in d = 5, 4, 3 dimensions defined by cubic forms
In this section we will review the geometry and the symmetry groups of N = 2 MESGT's in five dimensions and the corresponding dimensionally reduced theories in d = 4 and d = 3 dimensions. The MESGT's describe the coupling of an arbitrary number n of (Abelian) vector fields to N = 2 supergravity and five dimensional MESGT's were constructed in [14] . The bosonic part of the Lagrangian can be written as [14] 
where e and R denote the fünfbein determinant and the scalar curvature in d = 5, respectively. F I µν are the field strengths of the Abelian vector fields A I µ , (I = 0, 1, 2 · · · , n) with A 0 µ denoting the "bare" graviphoton. The metric, g xy , of the scalar manifold M and the "metric"
• a IJ of the kinetic energy term of the vector fields both depend on the scalar fields ϕ x ( x, y, .. = 1, 2, .., n). The invariance under Abelian gauge transformations of the vector fields requires the completely symmetric tensor C IJK to be constant. Remarkably, one finds that the entire N = 2, d = 5 MESGT is uniquely determined by the constant tensor C IJK [14] . In particular, the metrics of the kinetic energy terms of the vector and scalar fields are determined by C IJK . More specifically, consider the cubic polynomial, V(h), in (n + 1) real variables h I (I = 0, 1, . . . , n) defined by the C IJK
Using this polynomial as a real " Kähler potential" for a metric, a IJ , in an n + 1 dimensional ambient space with the coordinates h I :
one finds that the n-dimensional target space, M, of the scalar fields ϕ x can be identified with the hypersurface [14] 
in this space. The metric g xy of the scalar manifold is simply the pull-back of (11) to
where
and one finds that the Riemann curvature of the scalar manifold has the simple form
where T xyz is the symmetric tensor
The "metric"
• a IJ (ϕ) of the kinetic energy term of the vector fields appearing in (9) is given by the componentwise restriction of a IJ to M:
We should stress that the indices I, J, K, .. are lowered and raised by the metric a IJ be positive definite metrics. This requirement induces constraints on the possible C IJK , and in [14] it was shown that any C IJK that satisfy these constraints can be brought to the following form
with the remaining coefficients C ijk (i, j, k = 1, 2, . . . , n) being completely arbitrary. This basis is referred to as the canonical basis for C IJK . Denoting the symmetry group of the tensor C IJK as G one finds that the full symmetry group of N = 2 MESGT in d = 5 is of the form G × SU(2) R where SU(2) R denotes the local R-symmetry group of the N = 2 supersymmetry algebra.
Symmetric target spaces and Jordan Algebras
From the form of the Riemann curvature tensor K xyzu it is clear that the covariant constancy of T xyz implies the covariant constancy of K xyzu :
Therefore the scalar manifolds M 5 with covariant constantly constant T tensor are locally symmetric spaces.
If M 5 is a homogeneous space the covariant constancy of T xyz was shown to be equivalent to the following identity [14] :
where the indices are raised by
• a IJ . 4 Remarkably the cubic forms defined by C IJK of the N = 2 MESGT's with n ≥ 2 with a symmetric target space M 5 and a covariantly constant T tensor are in one-to-one correspondence with the norm forms of Euclidean (formally real) Jordan algebras of degree 3.
The precise connection between Jordan algebras of degree 3 and the geometries of MESGT's with symmetric target spaces in d = 5 was established [14] through a novel formulation of the corresponding Jordan algebras. This formulation is due to McCrimmon [17] , who generalized and unified previous constructions by Freudenthal, Springer and Tits [18] , which we outline here.
Let V be a vector space over the field of reals R, and let V : V ×V ×V → R be a cubic norm on V . Furthermore, assume that there exists a quadratic map ♯ : x → x ♯ of V into itself and a "base point" c ∈ V such that
The last equation is referred to as the adjoint identity. The map T :
and the Freudenthal product × of two elements x and y is defined as
McCrimmon showed that a vector space with the above properties defines a unital Jordan algebra with Jordan product • given by
4 For proof of this equivalence an expression for constants CIJK in terms of scalar field dependent quantities was used
as well as algebraic constraints hI h I = 1 and h I x hI = 0 that follows from susy.
and a quadratic operator U x given by
In [14] it was shown that the properties (i) and (iv) are satisfied by the cubic norm form defined by the tensor C IJK of N = 2 MESGT's in d = 5. The condition of adjoint identity is equivalent to the requirement that the scalar manifold be symmetric space with a covariantly constant T -tensor [14] . The corresponding symmetric spaces are of the form
where Str 0 (J) and Aut (J) are the reduced structure group and automorphism group of the Jordan algebra J respectively. From the foregoing we see that the classification of locally symmetric spaces M for which the tensor T xyz is covariantly constant reduces to the classification of Jordan algebras with cubic norm forms. Following Schafers [20] the possibilities were listed in [14] :
The base point may be chosen as c = 1. This case supplies n = 0, i.e. pure d = 5 supergravity.
2. J = R ⊕ Γ, where Γ is a simple algebra with identity e 2 and quadratic norm Q (x), for x ∈ Γ, such that Q (e 2 ) = 1. The norm is given as V (x) = aQ (x), with x = (a, x). The base point may be chosen as c = (1, e 2 ). This includes two special cases (a) Γ = R and Q = b 2 , with V = ab 2 . This is applicable to n = 1.
(b) Γ = R ⊕ R and Q = bc, and V = abc and is applicable to n = 2.
Notice that for these special cases the norm is completely factorized, so that the space C and therefore M, is flat. For n > 2, V is still factorized into a linear and quadratic parts, so that M is still reducible. The positive definiteness of the metric a IJ of C, which is required on the physical grounds, requires that Q have Minkowski signature (+, −, −, . . . , −). The point e 2 can be chosen as (1, 0, . . . , 0). It is then obvious that the invariance group of the norm is
where the SO (1, 1) factor arises from the invariance of V under the dilatation (a, x) → e −2λ a, e λ x for λ ∈ R, and that SO (n − 1) is Aut (J). Hence
3. Simple Euclidean Jordan algebras J = J A 3 generated by 3×3 Hermitian matrices over the four division algebras A = R, C, H, O. In these four cases an element x ∈ J can be written as
where α k ∈ R and a k ∈ A with * indicating the conjugation in the underlying dvision algebra. The cubic norm V, following Freudenthal [18] , is given by
For A = R or C it coincides with the usual definition of determinant Det(x). The corresponding spaces M are irreducible of dimension 3 (1 + dim A) − 1, which we list below:
The magical supergravity theories described by simple Jordan algebras J A A (A = R, C, H or O) can be truncated to theories belonging to the generic families. This is achieved by restricting the elements of
to lie in their subalgebra J = R⊕J A 2 be setting a 1 = a 2 = 0. Their symmetry groups are as follows:
2.3 Geometries of the four dimensional MESGTs defined by Jordan algebras of degree 3
Under dimensional reduction to the 4D the kinetic energy of the scalar fields of the 5D N = 2 MESGTs can be written as [14] 
and Z I are complex scalar fields
where the real parts A I are scalars coming from the vectors in 5 dimensions
where σ is the scalar coming from the graviton in the five dimensions. Since V ĥ = e 3σ > 0 the scalar manifold in 4D theories corresponds to the "upper half-plane" with respect to the cubic norm. For Euclidean Jordan algebras of degree three these are the Koecher upper half-spaces [8] of the corresponding Jordan algebras
where C (J) denotes elements of the Jordan algebra with positive cubic norm. The Koecher half-spaces are bi-holomorphically equivalent to bounded symmetric domains whose Bergmann kernel is simply V Z − Z . As was first shown in [26] the scalar manifold of the 4D MESGTs must be special Kähler. For the theories coming from 5D the Kähler potential reads
and are called very special Kähler geometries. The bounded symmetric domains associated with the upper half-spaces of Jordan algebras are isomorphic to certain hermitian symmetric spaces.
For the Euclidean Jordan algebras of degree 3 these spaces are as follows:
These symmetric spaces are simply the quotients of the conformal groups of the corresponding Jordan algebras by their maximal compact subgroups:
The correspondence between the vector fields and the elements of the underlying Jordan algebras in five dimensions gets extended to a correspondence between the vector field strengths F A µν plus their magnetic duals G A µν with the elements of the Freudenthal triple system defined by the Jordan algebra of degree three
The automorphism group of this FTS is isomorphic to the four dimensional U-duality group and it acts as the spectrum generating conformal group on the charge space of the BPS black hole solutions of five dimensional MESGT's [9, 27] .
Geometries of the three dimensional MESGTs defined
by Jordan algebras of degree 3
Upon further dimensional reduction to 3 space-time dimensions, the MESGTs defined by Euclidean Jordan algebras of degree three have target spaces that are quaternionic symmetric spaces. The corresponding symmetric spa-ces are:
The pure 5d, N = 2 supergravity under dimensional reduction to three dimensions leads to the target space
which can be embedded in the coset space
We should note that the above target spaces are obtained after dualizing all the bosonic propagating fields to scalar fields which is special to three dimensions. The Lie algebras of the three dimensional U-duality groups have a 5-graded decomposition with respect to the four dimensional U-duality groups. They are isomorphic to the quasiconformal groups constructed over the corresponding FTS's, which act as spectrum generating symmetry group on the charge-entropy space of BPS black hole solutions in four dimensional MESGT's [9, 27] .
3 Generalized space-times defined by Jordan algebras and their symmetry groups
Generalized Rotation, Lorentz and Conformal Groups
In the previous sections we reviewed how Jordan algebras arise in a fundamental way within the framework of supergravity theories. In this section we will review work on how Jordan algebras can be used to generalize four dimensional Minkowski spacetime and its symmetry groups in a natural way. The first proposal to use Jordan algebras to define generalized spacetimes was made in the early days of spacetime supersymmetry in attempts to find the super analogs of the exceptional Lie algebras [1] . One of the main anchors of this proposal was the twistor formalism, which in four-dimensional space-time (d = 4) leads naturally to the representation of four vectors in terms of 2 × 2 Hermitian matrices over the field of complex numbers C. In particular, a coordinate four-vector x µ can be represented as:
Since the Hermitian matrices over the field of complex numbers close under the symmetric anti-commutator product one can regard the coordinate vectors as elements of a Jordan algebra denoted as J C 2 [1, 2] . Then the rotation, Lorentz and conformal groups in d = 4 can be identified with the automorphism, reduced structure and Möbius (linear fractional) groups of the Jordan algebra of 2 × 2 complex Hermitian matrices J C 2 [1, 2] . The reduced structure group Str 0 (J) of a Jordan algebra J is simply the invariance group of its norm form N (J). (The structure group Str(J) = Str 0 (J) × SO(1, 1), on the other hand, is simply the invariance group of N (J) up to an overall constant scale factor.) Furthermore, this interpretation leads one naturally to define generalized space-times whose coordinates are parameterized by the elements of Jordan algebras [1] . The rotation Rot(J), Lorentz Lor(J) and conformal Con(J) groups of these generalized space-times are then identified with the automorphism Aut(J), reduced structure Str 0 (J) and Möbius Mö(J) groups of the corresponding Jordan algebras [1, 2, 3, 4] . Denoting as J A n the Jordan algebra of n × n Hermitian matrices over the division algebra A and the Jordan algebra of Dirac gamma matrices in d (Euclidean) dimensions as Γ(d) one finds the following symmetry groups of generalized space-times defined by simple Euclidean (formally real) Jordan algebras:
The symbols R, C, H, O represent the four division algebras. For the Jordan algebras J A n the norm form is the determinental form (or its generalization to the quaternionic and octonionic matrices). For the Jordan algebra Γ(d) generated by Dirac gamma matrices Γ i (i = 1, 2, ...d)
the norm of a general element
wherex = x 0 1 − x i Γ i . Its automorphism, reduced structure and Möbius groups are simply the rotation, Lorentz and conformal groups of (d + 1)-dimensional Minkowski spacetime. One finds the following special isomorphisms between the Jordan algebras of 2 × 2 Hermitian matrices over the four division algebras and the Jordan algebras of gamma matrices:
The Minkowski spacetimes they correspond to are precisely the critical dimensions for the existence of super Yang-Mills theories as well as of the classical Green-Schwarz superstrings. These Jordan algebras are all quadratic and their norm forms are precisely the quadratic invariants constructed using the Minkowski metric.
We should note two remarkable facts about the above table. First, the conformal groups of generalized space-times defined by Euclidean (formally real) Jordan algebras all admit positive energy unitary representations 5 . Hence they can be given a causal structure with a unitary time evolution as in four dimensional Minkowski space-time. Second is the fact that the maximal compact subgroups of the generalized conformal groups of formally real Jordan algebras are simply the compact forms of their structure groups (which are the products of their generalized Lorentz groups with dilatations). 5 Similarly, the generalized conformal groups defined by Hermitian Jordan triple systems all admit positive energy unitary representations [4] . In fact the conformal groups of simple Hermitian Jordan triple systems exhaust the list of simple noncompact groups that admit positive energy unitary representations. They include the conformal groups of simple Euclidean Jordan algebra since the latter form an hermitian Jordan triple system under the Jordan triple product [4] .
Quasiconformal groups and Freudenthal triple systems
A Freudenthal triple system (FTS) is a vector space M with a trilinear product (X, Y, Z) and a skew symmetric bilinear form < X, Y > such that 6 :
A quartic invariant I 4 can be constructed over the FTS by means of the triple product and the bilinear form as
One can construct a Lie algebra over a FTS that has a 5-graded decomposition such that grade ±2 subspaces are one dimensional:
Following [9] we shall label the Lie algebra generators belonging to grade +1 and grade −1 subspaces as U A andŨ A , where A ∈ M. The generators S AB belonging to grade zero subspace are labeled by a pair of elements A, B ∈ M. For the grade ±2 subspaces one would in general need another set of generators K AB andK AB labeled by two elements, but since these subspaces are one-dimensional we can write them as
where a is a real parameter. One can realize the Lie algebra g as a quasiconformal Lie algebra over a vector space whose coordinates X are labeled by a pair (X, x), where X ∈ M and x is an extra single variable as follows [9] :
From these formulas it is straightforward to determine the commutation relations of the transformations. The quasiconformal groups leave invariant a suitable defined lightcone with respect to a quartic norm involving the quartic invariant of M [9] .
Freudenthal introduced the triple systems associated with his name in his study of the metasymplectic geometries associated with exceptional groups [24] . The geometries associated with FTSs were further studied in [21, 19, 12, 13] . A classification of FTS's may be found in [13] , where it is also shown that there is a one-to-one correspondence between simple Lie algebras and simple FTS's with a non-degenerate skew symmetric bilinear form. Hence there is a quasiconformal realization of every Lie group acting on a generalized lightcone.
The Freudenthal triple systems associated with exceptional groups can be represented by formal 2 × 2 "matrices" of the form
where α 1 , α 2 are real numbers and x 1 , x 2 are elements of a simple Jordan algebra J of degree three. One can define a triple product over the space of such formal matrices such that they close under it. There are only four simple Euclidean Jordan algebras J of this type, namely the 3 × 3 hermitean matrices over the four division algebras, R, C, H and O. We shall denote the corresponding FTS's as M(J).
One may ask which Freudenthal triple systems can be realized in the above form in terms of an underlying Jordan algebra. This question was investigated by Ferrar [16] who proved that such a realization is possible only if the underlying Jordan algebra is of degree three. Remarkably, if one further requires that the underlying Jordan algebra be formally real then the list of Jordan algebras over which FTS's can be defined as above coincides with the list of Jordan algebras that occur in five dimensional N = 2 MESGT's whose target spaces are symmetric spaces of the form G/H such that G is a symmetry of the Lagrangian.
In this paper we will focus only on the quasiconformal groups defined over formally real Jordan algebras. The Freudenthal triple product of the elements of M(J) is defined as [19] 
Here σ denotes a permutation of α with β and a with b, and
where U a b is defined as in (22).
4 Spacetimes over Jordan algebras of degree three as dilatonic and spinorial extensions of Minkowskian spacetimes
As stated above we will restrict our studies of generalized spacetimes to those defined by formally real Jordan algebras of degree 3. Our main goal is to give a unified geometric realization of the conformal and quasiconformal groups of generalized spacetimes defined by Jordan algebras of degree three and the FTS's defined over them. The related geometries in the context of N = 2 MESGT's were reviewed in section 2.2. The Jordan algebras of degree three that arose in the study of MESGT's were later studied by Sierra who showed that there exists a correspondence between them and classical relativistic point particle actions [15] . In the same work Sierra showed that this could be extended to a correspondence between classical relativistic bosonic strings and the Freudenthal triple systems defined over them.
Consider now the spacetimes coordinatized by the generic Jordan family
we shall interpret the extra coordinate corresponding to R as a dilatonic coordinate ρ and label the coordinates defined by J as (ρ, x m , m = 0, 1, 2, ... (d−  1) ) . The automorphism group SO(d − 1) will then be the rotation group of this space-time under which both the time coordinate x 0 and the dilatonic coordinate ρ will be singlets. The Lorentz group of this spacetime is the reduced structure group which is simply
It leaves invariant the cubic norm which, following [15] , we normalize as
Under the action of SO(d − 1, 1), the dilaton ρ is a singlet and under SO(1, 1) we have
Freudenthal product of two elements of J = R ⊕ Γ(Q) is simply
The conformal group of the spacetime is the Möbius group of J which is
The Freudenthal triple systems defined over the generic Jordan family can be represented by 2 × 2 matrices
where J 1 , J 2 ∈ J and x 1 d and x 2 d are real coordinates. The automorphism group of M is SO (d, 2) ⊗ Sp (2, R) under which an element of M transforms in the representation (d + 2, 2). We shall label the "coordinates" of M as and interpret it as coordinates of a conformally covariant phase space (so that a = 1 labels the coordinates and a = 2 labels the momenta). Skew-symmetric invariant form over M is given by
We should stress the important fact that the conformal group of the spacetime defined by J is isomorphic to the automorphism group of the Freudenthal triple system M (J) ! To define the quasi-conformal group over the conformal phase space represented by M (J) we need to extend it by an extra coordinate corresponding to the cocycle (symplectic form) over M (J). We shall denote the elements of M (J) as X and the extra coordinate as x. The quasi-conformal group of M (J) ⊕ R is the group SO (d + 2, 4).
The space-times defined by simple Jordan algebras of degree 3 J A 3 correspond to extensions of Minkowski space-times in the critical dimensions d = 3, 4, 6, 10 by a dilatonic (ρ) and commuting spinorial coordinates (ξ a ).
The commuting spinors ξ are represented by a 2 × 1 matrix over A = R, C, H, O. The cubic norm of a "vector" with coordinates (ρ, x m , ξ α ) is given by [15] 
The Lorentz groups of the space-times over J A 3 are SL (3, R) , SL (3, C) , SU * (6) , and E 6(−26)
respectively, corresponding to the invariance groups of their cubic norm. The Freudenthal product of two vectors in the corresponding space-time is given by
The conformal groups of these spacetimes are Sp (6, R) , SU (3, 3) , SO * (12) , and E 7(−25)
respectively. The automorphism groups of the FTS M J A 3 are isomorphic to their conformal groups.
The quasi-conformal groups acting on M J A 3 ⊕ R , where R represents the extra "cocyle" coordinate, are
whose minimal unitary irreducible representations were constructed in [10] .
Geometric realization of quasiconformal groups SO (d + 2, 4)
Lie algebra of SO (d + 2, 4) admits the following 5-graded decomposition
Generators are realized as differential operators in 2d + 5 coordinates corresponding to g −2 ⊕ g −1 subspace which we shall denote as x and X µ,a where a = 1, 2 is an index of representation 2 of sp (2, R) and we shall let the indices µ run from 1 to 12 with the indices 11 and 12 labelling the two timelike coordinates, i.e x µ transforms like a vector of SO(d, 2). Let ǫ ab be symplectic real-valued matrix, and η µν denote signature (d, 2) metric preserved by SO(d, 2). Then
is a 4th-order polynomial invariant under the semisimple part of g 0 . Define
where ǫ ab denotes an inverse symplectic metric: ǫ ab ǫ bc = δ a c andŨ µ,a evaluates toŨ
These generators satisfy the following commutation relation:
The distance invariant under SO (d + 2, 4) can be constructed following [9] . Let us first introduce a difference between two vectors X and Y on g −1 ⊕g −2 :
and define the "length" of a vector X as
Then the cone defined by ℓ (δ (X , Y)) = 0 is invariant w.r.t. the full group SO(d + 2, 4), because of the following identities:
Geometric realization of the quasiconformal group E 8(−24)
The minimal unitary representations of the quasiconformal groups of the spacetimes defined by simple formally real Jordan algebras of degree three were given in our earlier paper [10] . Here we would like to give the geometric action of the quasiconformal group E 8(−24) in an SO(10, 2) × SO(2, 1) covariant basis. Its Lie algebra has the following 5-graded decomposition
Semisimple algebra in g 0 is e 7(−25) satisfying the SO(10, 2) covariant commutation relations.
[ 
The fourth order invariant of e 7(−25) reads
Given the above, it is straightforward to write generators of e 8(−24) . We start with negative grade generators 
Generators of grade +1 space are obtained by commuting K + with corresponding generators of g −1 :
The generator that determines the five grading is simply
momentum in R (2,d) :
and let x and p be additional conjugate pair:
Define grade zero generators, negative grade generators and 4-th order invariant of grade zero algera as follows:
Also define grade +2 generator 
Define +1 grade operators as
and then
where ∆ is grade defining generator ∆ = 1 2 (xp + px)
Quadratic Casimir of the algebra so (d, 2) ⊗ sp (2, R):
As predicted by Joseph's theorem [29] , there is a family of degree 2 invariants:
The quadratic Casimir of so (d + 2, 4) corresponds to κ = −4.
